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ON A DIVISION PROPERTY OF 
CONSECUTIVE INTEGERS 

BY 

Y A I R  C A R O  

ABSTRACT 

Pillai and Brauer  proved that for m => 17 we can find blocks Bm of m 
consecutive integers such that no element  in the block is pairwise prime with 
each of the other  elements.  The  following basic generalization is proved: For 
each d > 1 there is a number  G(d) such that for every m >= G(d) there exist 
infinitely many blocks B~ of m consecutive integers, such that for each r E Bm 
there exists s E Bin, (r, s) _-> d. 

Introduction 

In the year 1940 the Indian Mathematician S. Pillai [3] formulated the 

following question: Let B,, be an arbitrary block of m positive consecutive 

integers; can we find an integer r E B,, such that for all s E B,,, (s, r) = 1. 

Pillai proved that this is true for 2 =< m =< 16, but he proved also that for 

17 =< m -< 429 there exist infinitely many blocks B,. in which for any r E B,, there 

exists s E B,, such that (r, s) = 2 ( s g  r). 

In the year 1941 A. Brauer  [1] proved that for any m _-> 17 there exist infinitely 

many blocks B,. in which for any r ~ B,. there exists s E B,. such that (r, s) => 2 

r). 
In the year 1969 R. J. Evans [2] gave a simpler proof for m => 17. Here  I prove 

the stronger result which is: 

Let d -> 1 be any integer. There exists a number G(d)  such that for m _~ G(d)  

infinitely many blocks B,, exist in which for any r E B,, there exists s E B,. such 

that (r, s)-> d. 

I prove also a theorem of this kind concerning more general series. 
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LEMMA. Let d >= 1 be a given integer. A number N(d )  exists such that for 

n/2 > N(d )  there are at least 4 d -  5 primes between n/2 and 3n/4. 

PROOF. This follows immediately from the prime number theorem by which 

we can show that l i m , ~ ( I I ( 3 n / 4 ) - I I ( n / 2 ) ) =  o0. 

THEOREM 1. Let d > 1 be a given integer. A number G(d)  exists such that for 

m >-_ G(d)  infinitely many blocks Bm exist such that for r E Bm there exists s E B,, 

such that (r, s) => d. 

PROOF. Denote  by pd, �9 �9 ", p, the prime numbers which are not smaller than d 

and smaller than n/2 while n/2 >= N(d) ,  that is, d < p < n/2 for this prime. 

Denote  by p l , ' "  ',pk the prime numbers smaller than d which satisfy 

r d - 1 ) =  1, i = 1 , . . . , k .  

Denote  by e~ the smallest integer such that pT,> d - 1 ,  i = 1 , . . . , k .  Let 

R = (d - 1)2II,~1p7'. 

Denote  by q l , ' "  ",qaa 5 the first primes which satisfy n/2 <= qj <=3n/4, j = 

1 , . . . ,  4 d -  5. Now consider the 4 d -  4 congruences: 

( 1 )  x -= - (d - 1) ( m o d  q,) ,  

(2) x = - - ( d - 2 )  (modq2),  

( d  - 1)  x =- - 1 ( r o o d  q~_ , ) ,  

(d) x - 1  (mod qd), 

(2d - 2) x ~ (d - 1) (mod q2d-2), 

( 2 d - l )  x - = - q ,  (mod q2d-,), 

(4d - 5) x --- - q2a-3 (rood q4d-5), 

( 4 d - 4 )  x - 0  (mod R p d . . . p , ) .  

Since the congruences are modulo pairwise prime integer, then by the Chinese 

Remainder  Theorem infinitely many solutions exist. 

Consider the following block Bm of M(d)  consecutive integers: 

{ x - [ n / 4 ] , ' . . , x  - d,x - ( d -  1 ) , . . . , x  - 1, x,x + 1 , . . . , x  + q , , . . .  

�9 - . , x  + q2,'" ",x + q2d-2- 1}. 
We notice that M(d)  > 3n/4. 

It will be shown that for any r E Bm there is s ~ Bm such that (r, s) => d. If r = x 

we choose s = x + d; clearly d ]x and d Ix + d therefore (r,d)_-> d. 
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For  1 -< j _-< d - 1 we consider  the following cases: 

(1) If r = x + j  we choose  s = x + q ~ - j + j ,  s E B m , ( s , r ) = q d _ i > d .  

(2) If r = x - j we choose  s = x + qd~-j-1 - j, s E Bin, (s, r)  = q~_j+~ > d. Since 

qd-~ + j < q2d-~, qd+j-~- j < q2d-~ it follows that  both  s E B,, in both  cases. 

(3) If r = x + q j ,  j = l , . . . , 2 d - 3  we choose  s = x - ( q 2 d + j _ 2 - q j ) .  Since 

[n/4] > q2d+j-2- qj it follows that  s E B,. and (r, s)  = q2u+~-2 > d. 

(4) If r = x ---j when j is not  of the cases descr ibed above,  then we choose  

s = x  and (r, s)=> d. 

T h e r e f o r e  for  each r ~ B,, there  exists s E B,, such that  (r, s)  _--- d. We  also notice 

that  we can m a k e  the left side of B,. far  smaller.  We  can replace  x - In/4] by 

x - ql + 1 without  changing the truth of the t heo rem;  that  is, we shall get n/4 

number s  g rea te r  than M(d) for  which the t h e o r e m  holds. Nbw for  nl > n, for  

which q2_- > nl/2 > q~, we can take  the block 

{x - [ n J 4 ] , . . . , x  - d , . . - , x -  1, x ,x  + 1 , - . . , x  + q2~-~- 1} 

which is cons t ruc ted  in the same  m a n n e r  as the first block. The  length of this 

b lock is q2u-~ + [nJ4]  < q2d-2 + q~ - 1, which was the length of the largest  block 

we had. W e  can m a k e  the left side of this b lock smal ler  by replacing x - [ni/4] 

with x - q2 + 1. The  length of the largest block is q2d-~ + q 2 -  1 > q2~-2 + q~ - 1. 

Repea t ing  this a rgumen t  we get the truth of the t h e o r e m  for  m >= M(d). 

DEFINITION. Let  {A,}~=~ be a non-decreas ing  series of posit ive integers.  W e  

say that  An is a perfec t  series if for  any posit ive integers n, k, A ,  [A~n. 

THEOREM 2. Let {An}7-1 be a perfect series such that l i m n ~ A ,  = oo. Then for 

any given integer d > 1 there exists a number k (d) such that for m >= k (d) there 

are infinitely many blocks Bm of m consecutive terms of the series such that for each 

A, ~ Bm there exists As E B,~ and (A,  As) >= d. 

PROOF. F r o m  T h e o r e m  1 we know that  we can find blocks B,, of m 

consecut ive  integers such that  for  each r E B,, there  is s ~ B,. and (r, s)_-> b. 

Suppose  that  the block Bm is n, n + 1 , . . . ,  n + m - 1; we consider  the t e rm A,,  

An+l , ' -  ", An+m-,. For  each A, E B,, there  is As E Br, such that  (A,, As) --> Ab. 

Since A ,  ---> oo then for  a sufficiently large b, Ab => d, hence  (A,, As)  => Ab -> d. 

COROLLARY. The Fibonacci series is a perfect series, since F1 = 1, F2 = 1, 
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F3 = 2. It follows from Theorem 2 that for m >= G(3)  there exists a block B,, of m 

consecutive Fibonacci numbers such that for each F, ~ B,~ there is G E B~,, 

(F,,F,)>= F3 = 2. 

W e  notice that  An = 2" - 1, A ,  = (10" - 1)/9 are  also perfect  series. 

Upper bounds for G (d) and g (d) 

It follows f rom the p roof  of T h e o r e m  1 that  we can change  the restr ict ion 

I I ( 3 n / 4 ) -  I I (n /2 )  => 4d - 5 to 1 - I (n ) -  Fl(n/2)_-> 4d - 5, where  now the pr imes  

ql, " " ,  q4a-5 are the first to satisfy n/2 <= q~ <= n, i = 1 , . . . , 4 d - 5 .  

For  any n for  which 1-I (n)  - Fl(n/2) _-> 4d - 5 the a rguments  of the p roof  can be 

adopted ,  but we cannot  enlarge the length of the blocks.  T h e r e f o r e  it might  be 

that  for  some  m < G(d)  there  are blocks B,. with the requi red  proper ty .  

Let  g(d)  deno te  the smallest  n u m b e r  for  which there  is a b lock Bg{~)such that  

for each r ~ B,~d), 3 s  ~ Bg~d) and (r, s)  ~_ d. 

THEOREM 3. 

d=>2,  g ( d ) < 4 5 d l g d ,  

d=>2,  G ( d ) < 5 4 d l g d .  

PROOF. W e  use two inequali t ies of  Rosse r -Schoen fe ld  [41: 

(1) For  x => 21, 1-I ( 2 x ) -  l-l(x) > 3x/(51g x);  

(2) For  x _-> 67, x/(Ig x - 0.5) < I I (x )  < x/(lg x - 1.5). 

For  g(d)  it is sufficient to consider  the inequali ty [ I ( n ) - [ I ( n / 2 ) = >  4 d -  5; put 

n = 2x, n/2 = x:  we get 

Fl (2x) - 1-I (x) > 3x/(51gx) >= 4d - 5; 

put x = 15d . l g d  we find 

9 ( d i g d )  > 
l g (15d ,  lg d ) =  4d - 5 

which is t rue  for  d => 2. H e n c e  n = 2x = 30d �9 lg d, g(d)  <= 3n/2 = 45d lg d. 

For  G ( d )  we consider  FI (3n/4)  - FI (n/2)  -> 4d - 5. It is clear that  for  n/2 >- 67, 

3n  n 
I-I (3 /4)  11 (n /2) => n 

4 i l g  (3 n / 4 )  - 0 .5)  - 2( lg  ( n / 2 )  - 1.5))  
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3n 2n 
4(lg n + lg(3/4)-  0.5) 4(lg n - l g 2 -  1.5) 

> m 3n 2n 
4.1gn 4(1gn-2.2)  

n > - -  
4.51 lg n " 

Therefore we consider 

n 
- - = > 4 d  - 5 .  
4.51g n 

For n = 54dlgd  we get 

12d lgd => 4 d - 5 ,  
lg (54d ig d) 

which is true for d > 3. 

We easily verify that this holds for d = 2. Consequently G(d)=< n = 54d lgd. 

Indeed the upper bound for g(d)  and G(d)  can be reduced further, as one can 

see from the following statement: 

COROLLARY. 

g(3)--<81 since 27<29,  31, 37, 41, 43, 47, 53<54,  

g(4) =< 153 since 51 < 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101 < 102, 

g(5)=<228 since there are 15 primes between 76 and 152, 

g(6) < 288 since there are 19 primes between 96 and 192. 
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